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Abstract 
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Applied Algebra 91 (1994) 7-21. 
If G is a compact Lie group acting smoothly on a manifold M, we prove that a G-invariant 
neighbourhood of the singular set C in M is completely determined by the G-vector bundle 
restriction of the tangent bundle of M to Z. Moreover, by using only this G-vector bundle we define 
a residual linear map, above certain degrees, giving the ChernWeil homomorphism for M, after 
composing it in cohomology with the inclusion of M in (M, M - Z). In the case of G being a torus, 
we characterize those G-vector bundles appearing as restriction to the singular set of the tangent 
bundle of some smooth G-manifold. 
1. Introduction 
When a compact Lie group acts on a manifold M, some of the topological 
properties of A4 are determined by those of the singular set C associate to the action 
or by the behaviour of the action near C. For instance, if M is compact, the 
Euler-Poincare characteristics of M and C coincide. 
In this paper G is a compact Lie group of dimension r acting smoothly on a smooth 
manifold M of dimension IZ and the singular set C is the set of those points x E M 
whose isotropy subgroups G, have dimension at least one. Therefore the action of G is 
almost free on the complement of C in M. 
The first theorem we prove, Theorem 1 in Section 2, says that a G-invariant 
neighbourhood of C in M is completly determined by the G-vector bundle n = rMlz, 
i.e. the restriction to C of the tangent bundle rM. On the other hand, it is well known 
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that any characteristic class of M of degree greater than n - r belongs to the image of 
the natural map j: H *(M, M - C) -+ H*(M), where the cohomology is taken with 
real coefficients. This suggests our definition, in Section 3, of a residual linear map, 
Res: SymP(Sk,,), + H 2p(M M - C), for 2p > n - r so that the composite j 0 Res is 
the Chern-Weil homomorphism for M. This residual map Res only depends on the 
G-bundle y, since for its construction we only need a G-neighbourhood of C, which is 
determined by q. In case M is compact and oriented we can use the Alexander- 
Lefschetz duality isomorphism, T: H, 2P(C) + H2p(M, M - C), to obtain a map 
T - ’ c Res : SymP(Sk,,), -+ H, 2P(C). 
Another description of the Alexander-Lefschetz duality, using a Tech-de Rham 
complex, for C being a stratified subset of M, is given by Lehmann in [S]. Check also 
[6], where he uses a particular case of this complex to obtain residues for singular 
foliations. 
If G is a torus we characterize in this paper the G-vector bundles y: E 1 C, 
appearing as restriction to its singular set C, of the tangent bundle of some smooth 
G-manifold. Thus we consider, in Section 4, a topological space C, a vector bundle 
ye on C of rank n, which plays the role of zM 1 z, and a torus G of dimension r acting on ye. 
Then we construct, under some natural restrictions on (C, y, G), a smooth manifold 
M of dimension n and a smooth action of G on M, such that the singular set of the 
action of G on M is Z and ye coincides with rMIZ, see Theorem 2 in Section 5. Therefore, 
we obtain that (C, v], G) is the local model for the singular set of the action of a torus 
G on a smooth manifold. Furthermore, if C is compact, the manifold M can be chosen 
to be compact. This manifold M is not unique but, for instance, its Euler-Poincare 
characteristic and, if M is compact and oriented, all its Pontrjagin numbers are 
completly determined. 
On the other hand, we can construct a certain chain complex over the reals, using 
only the inner structure of the G-space C such that, if H’,(C) denotes the corres- 
ponding homology, one has a generalized Thorn isomorphism, T: H’,(C) + 
H”-*(M, M - 1). In case M is compact and oriented H’,(C) is isomorphic to the 
singular homology of C with real coefficients and T is Alexander-Lefschetz duality, 
see [4]. This allows us to regard in Section 6 the residual homomorphism associate to 
v] as a linear map Res: SymP(Sk,,), -+ H;_,,(C), such that for any smooth n-dimen- 
sional manifold M admitting a smooth action of G, with singular set C and q = THIS, 
the following diagram commutes for 2p > n - r: 
C.W. 
SymP(Sk,,)l p H 2p(M) 
T 
- Hzp(M, M - C). 
Here C.W. denotes the Chern-Weil homomorphism. 
Finally in Section 7 we give an example to illustrate all the above constructions. 
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2. The general case 
Let G be a compact Lie group acting smoothly on the smooth manifolds M, M’, 
with singular sets C, C’, respectively. 
Assume that we have a G-equivariant vector bundle isomorphism 
(cp, (p) : zMl z + sMM’Jz’, where cp, @ denotes respectively the maps for the bases or total 
spaces. 
In particular, for each subgroup H of G with dim(H) 2 1, appearing as isotropy 
subgroup for the action of G, the restriction of cp to FH(M) is a G-equivariant 
homeomorphism onto FH(M’), where F,(M), F,(M’) denote the fixed point sets for 
the action of H on M, M’, respectively. 
We further assume that cp: F,(M) -+ F,(M’) is smooth and dq coincides with the 
restriction of @ to the tangent bundle of F,(M). 
We then have the following theorem. 
Theorem 1. There exist G-invariant open neighbourhoods U, U’ of C, C’ in M, M’ and 
a G-equivariant difleomorphism (p : U --f U’ extending q, i.e. ~$5, d( @) coincides with cp, (p 
on 7.~1~. 
Proof. (a) It is enough to obtain a G-equivariant smooth map (p : U -+ M’ such that 
41, = cp and d(e) = @ on rMlz. In fact, (p is then a local diffeomorphism for the points 
of C and so it is a homeomorphism on some open neighbourhood of C in M, see 
Lemma 5.7 of [S]. Therefore it is a G-equivariant diffeomorphism on some 
G-invariant open neighbourhood of C in M. 
(b) It is easy the construction of a (p as above in the neighbourhood of any point 
x E C by considering the Koszul model for the neighbourhood of the orbit of x. 
(c) Suppose now that M’ has finite orbit type, i.e. the number of conjugacy classes 
of isotropy subgroups is finite. Let V, U be G-invariant open subsets of M such that 
v c U, and assume that $: U + M’ is a smooth G-equivariant map such that 
coincides with cp on U n C and d$ coincides with (p on the restriction of T,,, to U n C. 
We then have the following lemma. 
Lemma. There exist a G-invariant open neighbourhood W of C in M such that v c W 
and a G-equivariant smooth map (p: W -+ M’ such that @ coincides with Ic/ on 
v, @II = cp Iz and d($) coincides with 4 on the restriction of Z~ to C. 
Proof. To prove this lemma observe that, since M’ has finite orbit type, we may 
consider M’ as a G-invariant closed submanifold of some Euclidean space RN 
endowed with a linear representation of G. We choose also a G-invariant tubular 
neighbourhood p’ : T’ + M’ of M’ in RN. Then, by using (b), we can find G-invariant 
open sets Ui, such that Ui n v = 0, covering M - v, and G-equivariant smooth maps 
(pi : Ui + M’ such that cpi coincides with cp on C n Ui and d~i coincides with + on the 
restriction of r,,, to C n Ui. Set now f= A* $ + C~i - pi, where ;I, pi is a G-invariant 
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partition of unity subordinate to the open covering { U, Ui}. Then W =f- ‘(T’), and 
@ = p’ of satisfy the conditions of the lemma. 0 
(d) To finish the proof of Theorem 1, choose now a sequence of G-invariant open 
sets in M’, U;, U;, . . . such that the closures Ui are compacts, U I c Vi + 1, for all 
i2 landUi.,U; 3 C’. There exists then a sequence of G-invariant open sets in M, 
U,, Uz, . . . such that the closures Ui are compacts, Ui c Uiil and 
~(Ui U C) = U; U C’, for all i 2 1. In particular Ui > 1 Ui 3 C. 
Observe that the action of G on U’ has finite orb; type, due to the fact the Uj is 
compact. Thus an obvious inductive argument using the lemma above allows the 
construction of the required (p. Cl 
Remarks. (a) Observe that Theorem 1 holds without any restriction on the number 
of orbit types for the actions of G. 
(b) H*(M, M - C), with real coefficients, only depends on the G-vector bundle 
rMtz. Of course, this is clear if M is compact and oriented, since C is locally 
contractible, and so we have Alexander-Lefschetz duality isomorphism 
T:H,_,(C) -+ Hq(M, M - C). 
3. The residual map 
Let G be a compact Lie group of dimension r acting smoothly on a smooth 
manifold M of dimension ~1, and let C be its singular set. 
For each G-open neighbourhood U of C in M, we denote by H?,,(U) the cohomo- 
logy of the subcomplex of de Rham forms on M whose supports lie in U. One checks 
easily that integration gives a natural isomorphism with l&r, c u H *(M, M - C), for 
real coefficients, where C runs through the closed subsets of M contained in U. 
Next, we use the ChernWeil construction with G-invariant linear connections 
Vsuch that V”,, equals the Lie derivative with respect to the fundamental vector field 
Z,,, for any h in the Lie algebra of G, outside of some closed subset C of M, C c U. In 
this way we obtain a well-defined linear map wu : SymP(Sk,,), -+ H:{,(U), for 
2p > y1 - r. But, if U c V are G-invariant open neighbourhoods of C, wy coincides 
with the composite of wu and the canonical map Hf.!(U) -+ Hf,!!J V). Therefore, we 
have a linear map 
SymP(Sk,,)I -+ 1$1 H::.(U). 
u3z 
Finally if we compose the above map with the isomorphisms 
l@ H:,:.(U) + l)m (15 HZp(M, M - C)) + H*p(M, M - C), 
u=z clzz cccl 
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we obtain, by definition, the residual map 
Res : SymP(Sk,,), + H 2p(M, M - C), 2p > n - r. 
It is clear that the Chern-Weil homomorphism for 2p > n - r, 
SymP(Sk,,), + H’“(M), 
is the composite of Res and the natural map Hzp(M, M - C) + Hzp(M). 
Observe that the residual map Res only depends on the G-vector bundle 17 = r&. 
In fact, by using Theorem 1 we obtain a commutative diagram 
Res. ~ he, 
H’“(M, M - C) -+ HZp(M’, M’ - C’) 
if G acts on M, M’ with rMlz z rM,Iz, as in Section 2. 
In particular observe that the characteristic classes of degree greater than IZ - r of 
a smooth manifold M, acted on by a compact Lie group G of dimension I, only 
depend on the restriction of the tangent bundle to its singular set and the action of 
G on that bundle. 
4. The local model for a toral action 
In this section we introduce some notation and specify the hypotheses we need for 
the validity of Theorem 2. Our purpose is to describe the G-vector bundle rMlz 
without any mention of the manifold M, for the particular case of G being a torus. 
Our local model for a toral action at the singular set consists of an oriented 
G-vector bundle of rank n, q : E 1 C, having as base a Hausdorff, second countable 
space C. We assume that G is an r-dimensional torus acting continuously from the left 
both on E and C so that n is equivariant, G preserves the orientation, the action of 
G on E is effective, i.e. the unit element of G is the only one fixing all points in E, and 
the action of G on C is singular, i.e. there is no orbit of dimension r. 
Let $9 be the family of subtori appearing as l-component of isotropy subgroups 
for the action of G on Z:. If H E 9, F, denotes the fixed point set for the induced 
action of H on C. It is a closed subset of C with all its connected components 
G-invariant. 
Let % be the family of all connected components of F, for all H E 9. It is clear that 
% is a convering of C and the intersection of any two members of % is union of 
members of %. 
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Let S(F) be the maximum subtorus in 3 fixing F, for each F E 9. We assume that if 
the isotropy subgroup G,, for z E E, is not finite, there exists then F E P such that 
Z(Z) E F and GZ =) S(F). 
We suppose that the restriction yak of the bundle r) to each FE 9 is a smooth 
G-vector bundle, i.e. we suppose that F and C’(F) are smooth manifolds such that 
TC and the action of G on qF are smooth, and qF has a smooth trivializing system. We 
further assume that whenever F c F’, F, F’ in 9, then F is a smooth submanifold of 
F’. In particular, n-l(F) is also a smooth submanifold of K- ‘(F’). 
Observe that S(F) induces representations on the fibres of qF. Define then 
cp&) = JS(F) azda, for each z E n-‘(F). We obtain clearly a G-equivariant smooth 
endomorphism of qF such that qn,(az) = (Pi for all a E S(F) and cps = cp. In particu- 
lar, ‘pp has constant rank, the kernel and image of (Pi are smooth subbundles of yp 
and we have the canonical G-invariant decomposition qF = Ker (Pi @Im qDF with 
Kercp,= {zEC~ (F)laz = z for all a E S(F)}. 
Finally we assume that Ker (Pi = rF, the tangent bundle of F, and the action of G on 
rF is induced by the action of G on F. We write 11~ = Im (Pi and so we have canonical 
G-invariant decompositions qF = rF 0 vF, for each F E 8. 
The representations of S(F) on the fibres of vF are equivalent since they all have 
the same character, namely rank (pp. Therefore, the canonical decomposition of 
the representation of S(F) on each fibre induces a canonical decomposition 
v,=v;o... @VgF’, where each v$ is a G-invariant vector bundle. We also set 
vg = rF and so we can write qp = @ zf’, ~2.. 
If F c F’, F, F’ in 9, we have S(F) 1 S(F’) and the restriction of vi, to F, 
k = 0, . . . , t(F’), is a sum of some of the bundles v{. In particular, rFslF = rF@vFF’, 
where vFF. is a sum of some bundles vi. 
Observe that we can define complex structures on each vi, k # 0, such that the 
representation of S(F) on vi is given by a~ = Ii(u)u, for a Lie group epimorphism 
ik,:S(F) ---) S’, and the action of G on vi is complex. 
The above complex structures are unique up to conjugation and clearly can 
be chosen in a compatible way, i.e. if F c F’, F, F’ in 9, and &/F = @je,rvg 
for some subset J c (1, . . , t(F)), then A$, is the restriction of A$ to S(F’) and the 
complex structures on !$IF is the sum of the complex structures on the bundles 
vL,jEJ. 
Remarks. (a) f(F) 2 dim S(F) for each F E 9. 
(b) rank vF = n - dim F and the dimension of the total space of VF is rr for all F E 9. 
(4 c F, _ F~FsJF is a direct sum of rF and some i$. Therefore, it is a vector bundle 
over F. This bundle coincides with qF if dim S(F) 2 2 and coincides with rF if 
dim S(F) = 1. In fact, choose x E F with G: = S(F) and let z be an element of the total 
space of vk,, k # 0, such that n(z) = x. If dim S(F) 2 2, then dim GZ 2 1 and so, by 
hypothesis, there exists F’ E 9 such that x E F’ and G, 2 S(F’). Therefore, z E T,(F’) 
and we have F’ I F, since x E F n F’ and S(F’) c S(F) = Gz. If, instead, 
dims(F) = 1, then G, is finite and so z$ T,(F’) for any F’ 2 F. 
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Example. The following example illustrate the local model we have just described. 
Let C be the topological space obtained from three copies of @P ‘, @P1 x (0, 1,2}, 
by the identifications 
‘4 = ((1, o>, 0)= (CO,1 >, 21, B = ((0, l>, 0) = ((0, I), l), 
C = (( 1, O>, 1) = (< LO>, 2). 
Let G be the 2-dimensional torus S’ x S’ and consider the action on @P’ x (0, 1,2} 
given by 
(a, b) * t< z, z’ >, 0) = (( az, w, 01, 
(a, b)-((z, z’), 1) = (<z, bz’), 11, 
(a, b)-(<z, z’), 4 = ((2, a~‘), 2). 
It is clear that the above action induces one on C with 3’ = {G, S’ x 1,1 x S’, S}, 
where S= {(a,~)},,,~, F,= {A,B,C}, Fslxl =@P’xl u {A}, Flxsl = CP’x 
2 u {B} and F, = CP’ x0 u {C}. 
Therefore, 9 = {A, B, C, @P’ x 0, @P’ x 1, @P’ x 2}, S(A) = S(B) = S(C) = G, 
S(@P’xO)=S,S(CP’x1)=S’x1 andS(CP’x2)= 1~s’. 
Let r : T + @P1 be the tangent bundle of CP’ and v’ : L’ + CP ’ the dual of the 
canonical complex line bundle, L’ = { (( 
E” + @P’ be the direct sum of z and v’. 
z,z’),(;1,~))~@P’x@~~~~=I.~},andlet 
Endow T x (0, 1,2} with the action induced from the action of G on @P1 x (0, 1,2} 
and L’ x (0, 1,2} with the action given by 
(a, b)-((z, z’), (4 PL)) x0 = ((w W, (a- ‘2, b- ‘~1) x 0, 
(a, b)-((z, z’), (4 ~1) x 1 = ((z, bz’), (a& d- ‘P)) x 1, 
(a, b).((z,z’),(i,p))x2 = ((z,uz’),(b%, a-‘bp))x2. 
Let y: E 1 C be the G-vector bundle, where E is the space obtained from 
E” x (0, 1,2} by identifying according to the following G-equivariant isomorphisms of 
complex vector spaces, and n is the obvious projection. 
E~I.o,xO=(T~,,O~~L;~,O))XO + E~o,l,x2=(T~o,1,0L;o,,,)x2, 
(nx(1,o>,((1,o>,(~u,o)))xo ++(PYY(O, l),((O, 1>,(0,4))x2. 
Eco,l,xO = (T<o,l,@L;o,~,)xO + &,,I, x 1 = (T<o,l,OL;o,,,)x 1, 
tny<o, I>> ((0, I>, (0, PII) x 0 E+ (PY(O, I>, ((0, I>, a/1))) x 1. 
k,o, x 1 = V<l,o,OL;l,o,) x 1 + E<l,o, x 2 = (T,l,o,OL;l,o,) x 2, 
(nx(l,o>,((1,o>,(cl,O)))x1 ++(PX<LO),(<L0),(/2, O)))x2. 
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Here X denotes the vector field a/ax on @P1 - (0, 1) corresponding to the local 
coordinates $: CP’ - (0, 1) -+ @ given by $( (z, z’)) = z’/z, and Y is the vector 
field dJ& on @P1 - (1,0) corresponding to the local coordinates 
t+V: @I” - (1,0) -+ C given by I/‘(( z, z’)) = z/z’. 
The G-vector bundle q: E 1 C of this example clearly satisfies all our hypotheses 
and so it is a local mode/ for a 2-dimensional toral action. Of course, in this case 
one can easily check that v] is isomorphic to the G-bundle obtained by restricting 
the tangent bundle of @P2 to its singular set for the action given by 
(a>b)-(zo,z,,z,) = <zo,az,,bzz). 
5. Existence of a G-manifold with the given model 
Let q : E 1 C be a G-bundle satisfying the hypotheses of Section 4. Theorem 2 then 
reads as follows: 
Theorem 2. There exists a smooth manifold M, together with a smooth action of G, such 
that ye is G-equivariantly isomorphic to the restriction of the tangent bundle of M to the 
singular set of the action of G on M. Furthermore, if C is compact, M can be chosen to be 
compact. 
We need first the following technical theorem, where 7~~: NF + F, respectively 
irF : NFF, -+ F, denotes the projection, total space and base of vF, respectively VFF’, for 
F E 9, respectively F c F’ in F-. 
A technical theorem. There exist G-equivariant smooth maps I/IFF, : NF + NFS, F c F’, 
F and F’ in 9, such that each $FF, is a difleomorphism onto its image, is the identity on 
nF,l(F) = NF n NF,, and satisfies the following four properties. 
(9 *F,F- ’ $FF’ whenever F c F’ c F”, F, F’, F” in 9. 
Observe that tjFFs(NFF,) = tjFF,(NF) n F’, since NFFZ is the submanifold jixed by 
S(F’) in N,,, here F’ is identijed with its image under the zero-cross section in NFS. Set 
u FF, = IC/FF*(NF) n F’ and pFF> = nFo$F;.! : UFF, -+ F. It is a G-tubular neighbourhood 
of F in F’. 
(ii) 7r;, 1 (U FF,) = $FF,(NF), and we have a vector bundle isomorphism 
(iii) If F c F”, F’ c F”, F n F’ = 0, then UFF” n UFsF” = 8, for F, F’, F” in 9. 
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(iv) If F1 c F3 and F2 c F,, F1, FZ, F, in %, then the family of UFF3, respectively 
of UFF3, for each connected component F of F, C-I FZ, coincides with the family of 
connected components of U,,,, n UFzFs, respectively of oFIF n oFIFs. 
Remarks. (a) The next two properties are obtained easily from those above. 
(v) IfF c F’c F”, F,F’,F”inF,then 
(vi) If F1 c F3, F2 c F, and F is a component of F, n F2, F, F1, F,, F3 in 9, 
then UFFl is the component of F, n U,,,, containing F and pFF, = pFIF31u,,, . 
(b) The family r = {(UFFP,pFFS))Fc FS was called in [4] an internal tubular neigh- 
bourhood for 9. 
Proof of Theorem 2. Let M be the space obtained from the disjoint union (see Fig. 1) 
ofthe NF, for all F E %, by identifying NF with its image in Nk under the isomorphism 
* FF,, whenever F c F’, F, F’ in 9. M is then an n-dimensional smooth manifold 
which is covered by open sets diffeomorphic to NF, for all F E %. The only point one 
has to check is that M is Hausdorff, but this can be observed easily by using the above 
theorem. 
M inherits a G-action, since each tiFFS is G-equivariant and so we have a canonical 
G-equivariant inclusion C-M such that each F E % is a closed submanifold of M. 
It is clear that C coincides with the singular set of the action of G on M, since if z E M, 
for instance z E NF, with dim G, 2 1, there exists then F’ E % with F’ I> F such that 
z E T,(F’) for x E F. Therefore, z E NFF, and so $rr,(z) E F’ c C. 
On the other hand, 5WIF = rNPIF = rF@vF = nF. 
Fig. 1 
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Finally, if C is compact, choose a nonnegative proper G-invariant Morse function 
f: M -+ R and let c be a real number such that Z c MC = (x E M 1 f(x) I c}. MC is 
a compact, G-invariant, smooth submanifold of M with boundary dM’ such that 
aM’ n C = 0; see [7]. 
Let M’ be the double of MC with the corresponding smooth G-action. Its singular 
set consists of two disjoint copies of C. We proceed then, by induction on the 
dimensions of the submanifolds F E Y, to blow up G-equivariantly one copy of C, see 
[3], and so we end up with a compact smooth G-manifold N with singular set C and 
such that q is G-equivariantly isomorphic to the restriction of the tangent bundle of 
N to C. 0 
Proof of the technical theorem. (a) Choose a family { IV,},,, of G-invariant open sets 
of C such that W, 3 F for all F E F and I@, n W,, = 0 if and only if F n F’ = 0, for 
F, F’ in 9. This can be done easily since our hypotheses imply the normality of the 
orbit space C/G. 
(b) For the construction below we need the following lemmas. 
Lemma 3. Let t: E 1 B be a smooth G-vector bundle, G a compact Lie group, and 
suppose B c C c U c E, where B is identified with its image under the zero-cross 
section, C is a G-invariant closed neighbourhood of B, U is a G-invariant open neighbour- 
hood of B. Further assume that C n J--’ (x) is compact and U n Z-‘(X) is starlike, for 
each x E B. There exists then a G-invariant smooth map i: E + R” such that the 
restriction of ,J to C is 1 and q: E -+ E given by q(z) = ~(z).z is a G-equivariant 
difleomorphism onto U. 
Proof. To prove this lemma, choose first a G-invariant Riemannian metric on 4 such 
that C c D, c D, c U, where D1, D2 denote the disc bundles of radii 1 and 2 
respectively. Choose then a G-invariant smooth function g : U + 58 such that g is zero 
on D 1 and g restricted to U n nn- ’ (x) is proper for all x E B. Observe that the vector 
field X = e-(zg)2. Z is globally integrable on U, where Z denotes the radial vector 
field,Z(z)=z,zEU.Letcp:[WxU+ UbetheflowofX.Defineq:E-+ Uby 
4(z) = 
i 
cp(loglzl, z/lzl) iflzl 2 1, 
Z if lzl < 1 
and let A: E .+ R’O be the unique map such that q(z) = i(z).2 for all z E E. These 
q and A satisfy the required conditions. 0 
Lemma 4 (Extension lemma). Let F be a member of 9 and suppose that V, U are 
G-invariant open subsets of F such that v c U. Fix a G-equivariant map 
h : TCF l(U) -+ C such that its restriction to U is the identity and h : nF ‘(U) n NFF, + F’ 
is smooth for all F’ E 9, F’ 3 F. Assume that we are given smooth G-equivariant maps 
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(err,: NFFC + F’, for all F’ E 9, F’ 2 F, such that (err, is the identity on F and 
(err, coincides with h on Nrr, n rtr l(U) n W, for some G-invariant open neighbour- 
hood W, of F in NF. 
Then, there exists a G-invariant open neighbourhood W of F in Nr and a G- 
equivariant map (Pi : NF --t C such that qp : NFF’ + F’ is smooth for all F’ E 9, F’ 3 F, 
(PF coincides with (errs on W n Nrrz and (Pi coincides with h on W n 71; l(V). 0 
This lemma is proved using standard techniques in differential topology. 
(c) Using now the extension lemma above, together with Lemma 3 and [S, Lemma 
5.71, as in part (a) of the proof of Theorem 1, we can show that a neighbourhood of 
any non-maximal member F of 9 looks like VI;, = FNFF* c N,. More precisely, there 
exists a G-invariant open neighbourhood UF c Wr, of F in C, and a G-equivariant 
homeomorphism $F: UF. 3 FNFF. -i UF such that $F: N,,, + U,,, = UF n F’ is 
a diffeomorphism for all F’ I F, F’ E F. Besides we also construct G-equivariant 
vector bundle isomorphisms 
This can be done by choosing first G-invariant tubular neighbourhoods 
$FF’:NFF’ + UFF’ for the members F’ of 9, such that F c F’, but no other member 
F” of 9 satisfies F c F” c F’, and then extending inductively to the other members 
of 9 containing F, by using the previous lemmas. 
(d) Finally, a step by step procedure, using again the lemmas above, gives the 
required construction. 0 
Observe that Theorem 1 proves the local uniqueness of the previous construction. 
6. The residual map for a toral action 
Let y: E 1 C be a G-bundle satisfying the hypotheses of Section 4, for G a torus. 
We also keep the same notation. 
We recall first the construction of a chain complex (A’,(C), d) associate to the 
G-space C, whose homology, H’,(C), is isomorphic to H”-*(M, M - C) by a general- 
ized Thorn isomorphism, whenever Z is the singular set for the action of G on M and 
V = r.& see [4]. Set Ap(z) = flF,sA,(F), where A,(F) are the de Rham forms of F, of 
degree dim(F) - p, and A,(F) = 0 for p > dim(F). AL(C) is then the quotient of A,(Z) 
by the subspace spanned by the elements of the form (a, - f@) E A,(F’)@A,(F) for 
F c F’, F, F’ in F, where @ has fibre compact support in Urr, and f denotes the 
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corresponding fibre integral for the oriented G-invariant tubular neighbourhood 
PFF'. . UFF' -+ F. 
Denote by H’,(C) the homology of the chain complex (A’,(C), d), where d is induced 
by the usual exterior derivative. 
We proceed now as follows: 
Choose a G-manifold M with a family of tubular neighbourhoods UF as in 
Section 5, let U be the union of all UF and so we have a linear map, for 
2p > II - r, wv : SymP(Sk,.), -+ H :<.(U) given in Section 3 by using a BaumCheeger , 
connection in the Chern-Weil construction so that the corresponding forms of degree 
greater than II - r vanish outside a closed subset of M contained in U. We also have 
a generalized Thorn isomorphism, see [4, Section 31 Tv : N$(U) + If;_ *JC) induced 
by the chain map A::.(U) + A;-,,(C) that sends xFE9QF, @)F E &f,(U), to the class of 
(f@F)F# in 6 &). 
We can define then a residual map, Res’: SymP(Sk,,), --t Hk_,,(C) as the composi- 
tion of wc’ and the generalized Thorn isomorphism Tv: H!,:,(U) -+ Hi_,,. 
Theorem. The residual map, Res’, de$ned above depends only on the G-bundle q. 
Proof. Let M and M’ be two smooth G-manifolds containing C as its singular set and 
such that the restriction of their tangent bundles to C coincide with il. We know that we 
can choose a system of G-tubular neighbourhoods { UF}FES, {LIZ},,, and a 
G-equivariant diffeomorphism f: U = uFUF + U’ = u,UZ such that f(U,) = Ub, 
for all F E 9. The commutativity of the following diagram finishes the proof: 
Finally, it is clear that the following diagram commutes where Res is the residual map 
defined in Section 3, 
SymP(SkRm)I 
“t’/ yy 
H2p(M, M - C) s H;_,,(C) 
if G acts on M with q E rMIZ. 0 
Remark. The result above can be generalized easily for characteristic classes of princi- 
pal bundles. Let ye be as above and assume that 9’ is a principal bundle with 
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structure group K and base C, acted on by the torus G. We can obtain then a 
residual map Res : SymP(K), + H,_ 2p(C), for 2p > n - r, where SymP(K), denotes 
the algebra of ad-invariant multilinear symmetric functions in the Lie algebra K 
of K. 
7. Example 
For our example in Section 4, we can construct the manifold M in the following way. 
LetF,=@P’x0,F,=@P’x1andF,=@P1x2.Then~={A,B,C,F,,F,,F,}. 
We define 
u AFo = {<%~zl)~@P’Ilz*I < Izol) x0, 
u BF~={(ZO~Zl)E@P1~~ZO/~~Zl~}X~~ 
Observe that UAFo n UsFa = 8 and UAFo u UsFo is the complement in F. of the circle 
{<%Y zl ) E c=P ’ I I z. I = I zl I} x 0. Similarly, we define 
U AF2 = {<zO, zl)E@P’IIzoI < lbll)X2, 
U CF2 = {(zo~zl)~@~lIlzll < lzoljx2. 
Observe that 
We define the maps $AFa in the diagram 
L;,,,, x ooL;o, I) 
jr”& 





Lie, 1) x 2 
*rr, 
'UAF~-----+O 




The maps tiRF2 in the diagram 
$AF, 





40.1) x 0 
@“F. 
+ UAF~-F~ 
are given by 
In a similar manner are defined the maps $BFo, $BFt, tiCF2 and I,!I~~~. These maps 
satisfies the hypotheses of our technical theorem in Section 5. Then the manifold 
M constructed as in the proof of Theorem 2 is 
M = L’ ’ (O, l, 2} 
where 
n-‘(UAF,) c L' x0 is identified with x-‘(UAF2) c L'x2 under the diffeomor- 
phism $AF~\~IA;P~~. 
K1(UBFo) c L' x0 is identified with x- ‘(UBF,) c L' x 1 under the diffeomor- 
phism tiBF, $8;710, and 
n-‘(UcF1) c L’x 1 is identified with n-‘(UCFJ c L'x 2 under the diffeomor- 
phism $cF~$F;~. 
The manifold M is G-equivariantly homeomorphic to the complement of a torus in 
CP’. In fact, consider the following open subsets of @P2: 
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Then V0 u VI u V, = @P2 - T, where T is the torus { (zO, zl, z2) E 
@~*1IzclI = IZII = l%lI. 
On the other hand, we define G-equivariant homeomorphisms ‘pi : L’ x i -+ K for 
i = 1,2,3 as follows, 
cPO((ZO,Zl>, (207 21)) = CEj(CZO, z1 >> tnO, nl))zjt zO, Z1>3 ifzj # 0, 
cpl((ZO, Zl>> (no, 4)) = (zo, &j(CzO> Zl>, (20, nl))zj, Zl>> ifzj Z 0, 
cp*((zo, Zl >3 (&,~I )) = (ZO, Zl> Ej(<zOt Zl>, (iO9 Al))zj>, ifzj Z 0, 
where 
(j = 0, 1). 
These homeomorphims induce a G-equivariant homeomorphism cp :A4 + 
CP2 - T, because 
in ?C1(UAFO), the map t/AF2$$0 coincides with cp; ‘cpO, 
in x- ’ ( UBFo), the map tiBFI ll/& coincides with cp 1 l cpo, 
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